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Abstract 

^ We investigate entanglement dynamics and properties of double Jaynes- 

Cummings model. In particular we study the dynamics of double Jaynes- 

^ Cummings model based on geometric invariants for four qubits. We show 

that these geometric invariants provide us with useful information about 
different types of entanglement during the quantum evolution of the sys- 
I tem. 

> 

1 Introduction 

'""J Quantum entanglement plays an important role in many quantum informa- 

\^ tion and quantum computation tasks. And many well-known quantum systems 

poses quantum correlation that need to be characterized and realized for use in 
different applications. One of these very important quantum systems is Jaynes- 
. . Gumming model [1] in quantum optics that describes the interaction between 

!>■ a single-mode quantized field and a single two-level atom. One advantage of 

Jaynes-Cumming model is that it is exactly solvable model and we can inves- 
tigate its entanglement properties analytically. One important application of 
Jaynes-Cumming model is in quantum computing for realization of quantum 
registers, namely cavity and circuit quantum electrodynamics. 

It is also possible to construct a double Jaynes-Cummings model from two 
separable Jaynes-Cummings models where atoms A and B interact only with 
the cavity field a and b respectively. Recently there have been some activities 
to characterize the entanglement properties of such a double Jaynes-Cummings 
model Umil]. 

We treat our model system as a closed system with a unitary evolution and 
an initial pure product state with the atoms in an entangled two-qubit state and 
the fields in Fock (vacuum) states. This has the advantage that the evolution can 
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be calculated simply, but we are not considering coupling to the environment. 
Thus we have restriction on the time e.g., the study are limited to evolution 
over a very short time. 

In this paper, we also investigate the entanglement dynamics of double 
Jaynes-Cummings model based on geometrical invariants. In particular in sec- 
tion [2] we give an introduction to the double Jaynes-Cummings model and in 
section [3] we review the construction of geometric invariants. Finally in sec- 
tion [4] we investigate the entanglement dynamics and properties of the double 
Jaynes-Cummings model based on geometric invariants and four-tangle which 
is an important measure of entanglement. 

In this paper we will use the following notation for a four-qubit state 

1111 

I*) = E E E E ^-.-s-.-Ax4X3X2X,} e Hq, (1.0.1) 

X4—O X3—O X2—O a^i— 

where ^ 'Hq^®'Hq^®'Hq^®'Hq^ = (gjC^ (gjC^ (gjC^ is the Hilbert space 
of four-qubit state and diniHg = 16. 



2 Double Jaynes-Cummings model 

In this section we give a short introduction to double Jaynes-Cummings model 
following the references [31 12] . Let A and B be two two-level atoms that interact 
with single mode cavity fields a and h. If we suppose that i) each atom-cavity 
system is isolated; ii) atoms are initially in an entangled state; iii) the cavity 
are initially in unexcited states. Then the dynamics of this system is described 
by Jaynes-Cummings Hamiltonian 

Htot = Ha + Hb (2.0.2) 

/ t 1 \ A / i A A\ 

. I 1 R / t B H\ 

+ VB[a'gaB + -) + —(J:, + gB{a'ga_ + asOj^), 

where uji and j/j, with i = A,B are transition and field frequencies respectively, 
gi are the coupling constant and crj_ are spin flip operators. Moreover, the 
Hamiltonian Ha gives rise to the following unitary operator 

■itH° , /A ,N .sin(f]At) / Aa a 
Ua = e'*"^{cos{nAt)-i^ -{^(^z 

ilA ^ 

+ gA{a\<J^ + aA<jf)), (2.0.3) 
where iJ^ = (^^(0^0^ -I- i(cr^ -I- 1)), 

{lA = (gliaW + + 1)) + , (2.0.4) 
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and = uja — va is detuning between the atom and the cavity. Furthermore, 
the Hamihonian Hb gives a similar unitary operator Ub as above one. In this 
paper we are also consider the following states 

|$(0)) = cosa| tt> +6'*^ sinal U), 

|*(0)) =cosa| t;> +e''^ sinal ti), 

where < a < ^ and < /3 < tt. Next we construct two four-qubit states from 
these states by apply tensor product of above unitary operators for atom A and 
B as follows 

!$'(<)) = {UA®UB){\'^m®m) 

= TooooU;00)+TooiiU;il) (2.0.5) 

+ Touol ;t 10) + Tiooil n 01) + Tnool tt 00) 

= hAit)hB{t)e'^ sma\ U 00) + gA(t)gB(t) cos a\ U H) 

+ fA{t)gB{t) cos a\ it 10) +gA{t). f Bit) cos a\ U 01) 

+ .fA{t)fB{t) cos a\n 00), 



\^'{t)) = ({/^®C/b)(|*(0))® |00)) 

= ToooiU;01)+TooioU;iO) 

+ ToiooUtOO)+Tiooo|t;00) (2.0.6) 

= hA{t)gB{t)e'^ sina\ U 01) + gA{t)hB{t) cos a\ U 10) 

+ hA{t)fBit)e"^sma\ it 00) + f Ait) hB{t) cos a\ ti 00) 

where /.(t) = e"-'* (cos(f^.t) - ^i^gM) , g,^(t) ^ „,g^£i£gMe— h,(t) = 

1 

e~'T" , with i = A,B and fti — igf + ^ j is the Rabi frequencies. 



3 Four qubits invariants 

In this section we will review the construction of four-qubit invariants presented 
in [5]. Using the notation which we have introduced in section [ij we define the 
following four column vectors, 
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where A^B^C,!) e C^. Moreover, let g : x C'* — > C be a bilinear form such 
that 

{A, B) ^ giA, B) = A-B = gc^pA'^B^ = A^B" , (3.0.8) 
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where a, (3 = 0,1,2,3, g = J (g) J and J = ^ j which satisfy j'^ = -I 

and MJM'^ ^ J iov M SL{2,£). The SLOCC invariants for four-qubit 
states are then given by 

h = ]^{A-V-B-C) (3.0.9) 

h = -\{AhB)-{c ^v) + {A^c)■{B^v) (3.0.10) 

6 

- \{AAVf-\{BAC)% 

4 = ^(a-0- b • c) and h = e"'^'<^ Ao^BpC^Vs, (3.0.11) 
where e.g., A AB = [AaBp — AjsBa) is a antisymmetric matrix and 
{AAB)-{CAV)^ {Ao^Bp ~ Af,Ba){C°'Vl^ - C^V"'). 

Moreover, 

a = (a„) = i-e^fs-.sBl'C^D'), b - (bp) - {e^p^gA'^C^ D'), 
c = (c^) = {eo.p-.sA^Bl'D'), = {dg) = {-e^p-^sA'^B^C^). 

Note that we can rewrite I2 in terms of the Plucker coordinates of a Grassman- 
nian variety as foUows 

h = Iv^^'^^Vf^^^p, (3.0.12) 

where 

For example /2 is explicitly given by 

/"^ / 'Y^ 'Y^ 'Y^ 'Y^ I 'Y^ 'Y^ ry^ ry, 

1= 2^^015— JL1JL14— JL2JL13+JL3JL12— I4I11 

+ T5T10 + T6T9-T7T8). (3.0.13) 

A more detail geometrical meaning of these invariants are discussed in [5] . Let 
S = m - /|) + 4(/| - /1/3) and T = (/| - /|)(/2 - I^) + (/g - hhf. Then 
the four-determinant is defined by 

D4 = — (5"^ - 27r2). (3.0.14) 
256^ ' ^ ' 

Let 1$) = ay®ay®ay®ay\^*), where |**) = E;l4,:r3,a.2,xi=o "^^4^3^2x1 |2^4a;3a;2Xi). 
Then the four tangle is defined by 

T,m) = mm'' (3.0.15) 

J-ri---r4 J-S1---S4 J-iix---u4 J-'1'i---D4 ^ri si ' ' ' ^r4S4 

^Ul i;i ■ ' ' ^U4V4 I 

= 4|ToTi5 - T1T14 - T2T13 + T3T12 - T4Tn 
+ TsTio + TeTg-TyTgp. 
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To be able to interpret our results we consider the entanglement dynamics 
of the following state \^GHZi) — cosa|0000) + e*^ sin aj 1111). For this state 
T4(|'I'GffZ4)) = sin^2a, /i(|*G/fZ4)) = icosasina, l2{\'^GHZi)) = ^ sin^ 2a, 
HY^GHZi)) = h{\GHZ^)) = 0. And in particular for GHZ state \GHZi) = 
^(10000) + 11111)) we have Ti{\GHZi)) = 1, h{\GHZi)) = \, hilGHZ^)) = 

^, hilGHZi)) = h{\GHZi)) = 0, and D^IGHZ^)) = 0. 



4 Dynamics of double Jaynes-Cummings model 

In this section we investigate the dynamical properties of the double Jaynes- 
Cummings model using the geometric invariants that we have discussed in the 
pervious section. We start with analytical expression of the first invariant for 
the state \^' (t)) 



sin I t\j^ + gAj sin It^ ^ + gg 



i\/^A + 45A COS {t\l^+ gA J - Aai sin [ ^ + .9a ) ) 



(^/A|+4gBCOs ( t-^/^+toj -ABisinlt^^+gB ]), 



In case = As = when we have exact resonance we get 

/l(|$'(i))) = _e-2**(-A+.B) ^Qg2(^) ^-^ gij^ 

= -\ cos2 (a) sin {2t^) sin {2t^) . 

Moreover, when the relations between cavity couplings is given by gA — 2gB 
then we get 

-V2 



/i(|$'(i))) - ^5Be"''*^"^+''''^cos^(«)sin(2ty2^)sin(2tV^). 

Furthermore, when we have same cavity couplings gA — gs, then the above 
expression is further simplified 

h{\<^'m = -^gBe-2'*(''^+^^)cos2(a)sin2(2iV^). 

For the above state when gA = .gs = 1 we have plotted the T4((|<I> (t)))) = 
16|/i(|$ (i)))P in Figure 1. Our result also agree with the one given in [4]. 
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Figure 1: Plot of T4((|<i> {t)))) for the case when we have the same cavity cou- 
plings QA^ 98 = 1- 



Next we investigate the entanglement properties |$ (t)) based on the invariant 
J2, that is 



2„?,j4p-4»t(^A+,.B) 



(Ai + 4g^f (A|+4gBf 



cos4(a)sin2 ( t\l ^ 




4 ■ / """" \ V T 



(^/ A| + Age cos t^/ ^ + ) - A^z sin \t\l ^ + cjb ) 



In case when we have exact resonance A^i = As = we get 

h{\^'m = -^V5l5^e-4'*^''^+''^^cos2(a)sin(2t^)sin(2i^). 

For this case we can see that 16|/2(|$ [t)))\ is equal to T4((|$ [t)))), see also 
the plot in Figure 1. First of all we notice that T4((|<i> [t)))) is depended on t, 
a and coupling constant. Moreover, from this figure we can observe that the 
T4((|$ (i)))) shows maximal dynamical entanglement if we start from a product 
state |$(0)) — I tt) ® 1 00) for a — Q and entanglement vanishes when a — > ^. 
This process usually called the entanglement sudden death. 

Moreover, we have calculated the invariant 16/4(1$ {t))) which also equal 
T4((|$ {t))))- However, the invariant /3((|$ {t)))) is different from the 4-tangle. 
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Furthermore, for = = we have 

The entanglement of the state also vanishes when a — > ^ and oscillates with 
time t. And for a general case of the state 

|$"(i)> = TooooU;00)+Tooii|Ull) + ToiioUtlO) 
+ Tiooi|n01)+Tnoo|nOO), 

weget/i(|$"(i))) = i(TiooiToiio+TiiooTooii) ,/2(|$"W)) = + 

41 1100 J- 1001 -I- 0110 J- 0011 + lj;^QQlQoiij , 

;;TiiooTiooiToiioTooii(TiooiToiio + TiiooTooi{^0.16) 

J4(|$"(t))) = TiiooTiooiToiioTooii, and D4{\<^" (t))) = 0. We also have 
checked the cntanglcnicnt properties of [^P [t)) but all invariants vanish for this 
state. And even if we consider a general state 

= Toooil U 01) + Tooiol U 10) + Toiool 4t 00) + Tioool U 00), 

then all invariants vanish. Thus all four-qubits invariants that we have discussed 
in this paper cannot detect any entanglement in |^ (t)) or l^" (t)). 

In summary we have considered the double Jaynes-Cumming model of inter- 
acting atom and quantize field. We have used the geometric invariants to detect 
entanglement dynamics of this model. We have shown that these geometric 
invariants revile useful information about entanglement properties of the state 
1$ (t)). We also have shown that the state |$ (t)) obtains maximal dynamical 
entanglement if wc start from a product state and entanglement of the state 
vanishes when a goes to n/2. Moreover, we also have found that for the state 
1^' (t)) all geometrical invariants including the four-tangle vanish. 
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